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Calcium-Actin Waves and Oscillations of Cellular Membranes

Alex Veksler† and Nir S. Gov‡*
†Department of Biotechnology, Ben-Gurion University of the Negev, Beer-Sheva, Israel; and ‡Department of Chemical Physics, The Weizmann
Institute of Science, Rehovot, Israel

ABSTRACT We propose a mechanism for the formation of membrane oscillations and traveling waves, which arise due to the
coupling between the actin cytoskeleton and the calcium flux through the membrane. In our model, the fluid cell membrane has
a mobile but constant population of proteins with a convex spontaneous curvature, which act as nucleators of actin polymeriza-
tion and adhesion. Such a continuum model couples the forces of cell-substrate adhesion, actin polymerization, membrane
curvature, and the flux of calcium through the membrane. Linear stability analysis shows that sufficiently strong coupling among
the calcium, membrane, and protein dynamics may induce robust traveling waves on the membrane. This result was checked for
a reduced feedback scheme and is compared to the results without the effects of calcium, where permanent phase separation
without waves or oscillations is obtained. The model results are compared to the published observations of calcium waves in cell
membranes, and a number of testable predictions are proposed.
INTRODUCTION

Cell membranes support a variety of wavelike and oscilla-

tory phenomena that involve shape deformations, cytoskel-

eton activity, ion currents, and adhesion. In this article,

we wish to concentrate on membranal waves and shape

oscillations that are associated with fluctuations in the

cellular concentration of calcium ions Ca2þ. Such calcium

waves are observed in different cell types, for example in

migrating cells (1–3), fertilized egg cells (4), and cells under-

going phagocytosis (1,5). Some of these waves are observed

to propagate along the cell membrane at velocities of

10–100 mm/s, which is much faster than the membrane

waves observed recently in the lamellipodia of motile cells

(6–10) with typical velocity of 0.1–0.3 mm/s. The fast type

of calcium waves are most likely due to voltage-gated chan-

nels, do not involve the slow dynamics of the membrane

shape and cytoskeleton rearrangement, and are not the

subject of this article. The slower type of membrane waves

do involve membrane shape oscillations and the cytoskel-

eton, and were recently shown to involve calcium influx

into the cell (3,11,12) (they are furthermore independent of

the activity of voltage-gated calcium channels). Calcium

and shape oscillations appear also in dendritic spines, where

large calcium influxes inhibit the observed motion (13–16).

The typical shape oscillation period of the dendritic spines

is ~1–100 s, and they have been shown to depend on the

activity of actin polymerization.

There are several models that couple calcium ion chan-

nels, pumps, local ion concentration (transmembrane poten-

tial), and chemical reactions, which give rise to a wide

spectrum of dynamical behaviors including propagating
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waves and oscillations of calcium in cellular membranes

(for example, (17,18)). These models apply to the fast type

of calcium-membrane waves, and do not include the

dynamics of the cytoskeleton or membrane shape. The slower

type of calcium-membrane waves involve the dynamics of

the shape fluctuations of the membrane and the forces

induced by the cytoskeleton. Recent models that couple

these degrees of freedom with the calcium influx (12,19)

demonstrated the role played by the contractile forces of

the actin-myosin cytoskeleton. Here we investigate the

dynamics of the coupled membrane-cytoskeleton-calcium

system where the protrusive forces of actin polymerization

are dominant, rather than contractile forces due to myosin

motors. Systems where the protrusive force of actin poly-

merization is dominant in determining the local membrane

shape are actin-driven cellular protrusions such as lamellipo-

dia and filopodia. We will base our treatment on our previous

models that coupled the cytoskeleton to the membrane

(20,21); in these models, membranal clusters that induce

actin polymerization exert a protrusive force on the mem-

brane, serve as adhesion anchors for the protrusions, and

are affected themselves by the membrane shape through their

own spontaneous curvature. Such a model was shown to give

rise to instabilities, phase separation, or damped waves,

depending on the sign of the spontaneous curvature and the

parameters of the model. It therefore describes spontaneous

shape and phase transitions in the cell membrane-cortical

cytoskeleton, such as membrane protrusions (microvilli, filo-

podia, etc.), and the associated segregation of membrane

components. Without coupling to the calcium, these models

describe permanent phase separation (Turing instability),

which does not show any wave-instability (i.e., robust waves).

Recent works provide further experimental support for this

model, by demonstrating the role played by curved membrane

proteins in the recruitment of cortical actin filaments during

the formation of membrane protrusions (22–25).

doi: 10.1016/j.bpj.2009.07.008

mailto:nirgov@wisemail.weizmann.ac.il


Calcium-Actin Membrane Waves 1559
The effects of the concentration of calcium ions Ca2þ on

the actin cytoskeleton and adhesion are numerous, and

mostly inhibitory:

1. Increased calcium promotes the binding of actin-severing

and capping proteins such as Villin (26) and Gelsolin

(16,27), thereby reducing the level of actin polymeriza-

tion and the resulting protrusive force acting on the

membrane (15,28).

2. Calcium ions induce conformational relaxation of integ-

rins (11,29,30), reducing the cell adhesion to the external

substrate.

On the other hand, the cytoskeletal and adhesion forces

applied to the membrane, as well as the aggregation of

membrane proteins, can induce an increase in the calcium

concentration in the cell, by

1. Deforming the membrane and activating stretch-activated

channels (SACs) (30), thereby increasing the calcium

influx into the cell, and

2. By inhibiting the activity of plasma membrane calcium

pumps (31) or directly inducing the opening of calcium

channels (32), thereby decreasing the outflux and

increasing the influx.

There are recent experimental works (33) that demonstrate

the ability of forces applied to the membrane to induce an

influx of calcium ions, which result in a remodeling of the

cortical actin network. Note that the influx of calcium and

its release from internal stores in response to mechanical

stimulation (33) is also regulated by the release of adenosine

triphosphate (ATP) from the cell and the resulting activation

of purinergic receptors. This ATP-calcium pathway is also

responsible for the well-documented calcium waves that

propagate in cultures of glia and astrocyte cells (34,35),

where the roles of the actin cytoskeleton, myosin, and adhe-

sion were also established. We also mention that calcium

ions have an impact on many cellular components, and

may also induce an increase in the actin cytoskeleton activity

under certain conditions (36). Furthermore, the actin fila-

ments have a variety of direct and indirect interactions

with many ion channels and pumps (37).

The complete set of interactions among the cytoskeleton,

ion channels, and calcium is far too complex to capture in

a single model, and our simple model only demonstrates

the principles that allow this system to support oscillatory

behavior. We conclude that there are several existing path-

ways that give rise to a negative feedback loop among the

local protrusive forces of actin, the concentration of

membrane proteins, and the influx of calcium ions. A nega-

tive feedback loop represents a basic ingredient for driving

the wave and oscillatory phenomena, which we calculate

below (Fig. 1).

The detailed study of the model without the calcium was

given in the literature (20,21). For completeness, we mention

here the key results:
1. Increasing actin force can induce phase separation at

a higher transition temperature compared to thermody-

namic equilibrium (38). Adhesion of the cell to the

external substrate acts in the same manner.

2. Increasing the adhesion strength can drive the phase sepa-

ration transition at lower actin force, and vice-versa.

3. Increasing membrane tension acts to lower the transition

temperature, and raise the values of actin force and adhe-

sion needed to induce phase separation.

These results are in qualitative agreement with observation

on actin-driven cellular protrusions. In this article, we build

on the understanding of these simpler models to tackle the

added complexity of the calcium.

In Model and Linear-Stability Analysis, we give the equa-

tions of our model, where we expand our previous models of

the coupled membrane-cytoskeleton (20,21) by introducing

a third component that represents the local cellular calcium

concentration close to the membrane. We then perform

a linear-stability analysis of the model, which allows us to

map the conditions that give rise to wave-instability.

Although the models without the calcium produced instabil-

ities that correspond to phase-separated domains that do not

propagate, the addition of calcium can cause these domains

to oscillate and propagate as waves. Readers not interested

in the mathematical derivations can skip Model and

Linear-Stability Analysis. The resulting phase diagrams,

which capture the behavior as a function of the various

physical parameters of the model, are described in Phase-

Diagrams for the Coupled Membrane-Actin-Calcium Sys-

tem. In Discussion and Conclusion, we compare the results

of our model to observations of calcium-driven oscillations

observed in cells, and conclude with future directions.

MODEL AND LINEAR-STABILITY ANALYSIS

Coupled membrane-actin with calcium

For simplicity, we shall develop our model within the

assumptions of a flat, infinite fluid membrane, which con-

tains a conserved amount of membrane protein clusters

(MP) (21). We denote the local normalized concentration

of MP by fð~r; tÞ and the local normal displacement of the

membrane by hð~r; tÞ. The MP in our model represent protein

clusters that promote both the polymerization of actin fila-

ments at the membrane, and the formation of adhesion to

the external substrate (Fig. 1 a). The normalized concentra-

tion, or area-coverage, is defined as fð~r; tÞ ¼ nð~r; tÞ=nsat,

where nð~r; tÞ is the local concentration and nsat is the satura-

tion value of the concentration of MP (21).

Furthermore, we assume that the temperature T affects

only the entropy. This assumption holds only near the

homeostatic balance of the cell, which is the regime we are

considering. We incorporate into our model the active forces

exerted due to the MP on the membrane by extra terms in the

free energy (adhesion) and the equation of motion (actin
Biophysical Journal 97(6) 1558–1568
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FIGURE 1 (a) Scheme of our model; one-dimensional

flat membrane with local height deviation h and a concentra-

tion of membrane proteins (MP) f that diffuse with coeffi-

cient Dp and activate actin polymerization of protrusive

force ~f , and adhesion to external substrate a. The local

calcium concentration C depends on the influx through

channels and outflux through pumps, diffuses with coeffi-

cient Dc and inhibits the actin-driven force and adhesion

(dashed lines). (b) The stable system (i) is uniform and

mixed, whereas the Turing instability (ii) leads to stationary

phase separation, and the wave-instability (iii) leads to

oscillatory or propagating domains. (c) The overall feed-

backs and coupling of our model (Eqs. 2–4) and the simpler

subcases (i–iii) that give rise to wave instability.
polymerization force) (21). We will include the effects of

calcium that we listed above into our model as reaction terms

in the equations of motion for fð~r; tÞ, hð~r; tÞ, and Cð~r; tÞ (the

local cellular calcium concentration close to the membrane at

position~r).

The free energy expression (at temperature T) of the

membrane in our model is (21)

F ¼
Z
S

�
1

2
ðs� a fÞðVhÞ2þ k

2

�
V2h þ f

R

�2

þ kBT

e2

�
2

�
f� 1

2

�2

þ 4

3

�
f� 1

2

�4�

þ J

2e2
fð1� fÞ þ J

4
ðVfÞ2

�
d2r;

(1)

where the first term in Eq. 1 stands for the surface tension (s)

and the cell-substrate adhesion expressed as a negative

surface tension (a); the second term accounts for the curva-
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ture bending energy with modulus k, where the MP have

a spontaneous curvature radius of R, which is assumed to

be close to the characteristic correlation length of the

membrane, Rz
ffiffiffiffiffiffiffiffi
k=s

p
(39); the third term gives the entropy

of the MP (within the Ginzburg-Landau approximation); the

fourth term stands for the aggregation potential of the MP (J)

(40); and the last term is the line tension of the MP aggregate

(40). The typical size of the MP is given by its length scale 3.

The ratio 3/R appears to be the natural small parameter of the

model, as will be explained below.

The dynamical equations for h and f are derived from the

free energy (through its variational derivatives), and include

the protrusive actin force (proportional to the MP concentra-

tion, f) and the effects of Ca2þ expressed by standard reac-

tion terms, coupling between h, f, and C. The dynamical

equations are therefore (similar to (21))

vh

vt
¼ e

8h

�
� dF

dh
þ ðf � bCÞf� ðf � bC0Þf0

�
; (2)
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vf

vt
¼ DPe2

kBT0

V

�
fV

d F

df

�
� zðC� C0Þf; (3)

vC

vt
¼ �kðC� C0Þ þ DcV

2C þ gCðf� f0Þ

� xðCext � CÞV2h; (4)

where f0 and C0 are the equilibrium concentrations and Dp

and Dc the diffusion coefficients of MP and Ca2þ, respec-

tively. The effective viscosity of the cell and surrounding

fluid is given by h. In the following, we shall assume

f0 ¼ 1/2. This value is arbitrary, and the system can be

expanded around any protein density. We choose a protein

area coverage that is far from the extreme cases of 0 or 1.

The reference temperature, T0, was chosen to be the point

where the entropy of MP is equal to their aggregation energy,

i.e., T0 ¼ J/4 (21). In fact, our model implies that T0 lies in

the physiologically relevant range, since the temperature

variation considered is ~10% at ~T0. T0 turns out to be the

critical temperature for phase separation in a passive system,

i.e., without actin and calcium. In our model, however, we

expect to find various kinds of phase separations both below

and above T0.

The actin protrusive force term in Eq. 2 is postulated to be

proportional to the local concentration of MP, with coeffi-

cient f (20,21), which is inhibited by the effect of calcium

(15,16,26) (with coefficient b); the last term in this equation

accounts for the osmotic pressure at the equilibrium concen-

tration. The inhibition of adhesion by calcium (29) is

described by the second term of Eq. 3 (with coefficient z).

The first term of the calcium dynamics in Eq. 4 describes

the balance between the inward current through channels and

the outward pumping (41) (with coefficient k); the second

term is the diffusion term of calcium ions, with coefficient

Dc; the third term stands for the effect of reduction outward

pumping of the Ca2þ due to the local concentration of MP

(31), or increasing influx due to opening of calcium channels

(32) (with coefficient g); and the last term describes the

increased influx due to the opening of SACs by the local

membrane curvature (30) (with coefficient x). Note that in

our previous model (21) we demonstrated that the actin poly-

merization drives the aggregation of MP, so the inhibition of

calcium pumps (31) or activation of calcium channels (33)

due to high concentration of MP, introduces in our scheme

a direct negative feedback mechanism (Fig. 1 c (i)). It is

assumed here that protrusions that stretch the membrane

outwards induce an influx, proportional to the external

calcium concentration Cext (which is usually much larger

than C0, see Appendix A in the Supporting Material). To

simplify our model we assume here that the calcium channels

and pumps are uniformly distributed over the cell membrane.

The derivation of Eq. 4 and calculation of the dependence of

the equilibrium intracellular calcium concentration, C0, on

the variable extracellular value, Cext, are given in detail in

Appendix A in the Supporting Material.
Linear-stability analysis

For the sake of simplicity, the following analysis will be one-

dimensional, and the variables will therefore become func-

tions of x and t only. We now transform the equations into

dimensionless units; we set the radius of spontaneous curva-

ture, R, to be the unit length; the typical time of diffusion of

MP over the area of R2, t, to be the unit time; and the refer-

ence temperature, T0, to be the unit energy kBT (hereafter, we

omit the Boltzmann constant kB). The numerical values of all

of the constant parameters of our model appear in Table 1.

Thus, all the numerical parameters of the model can be ex-

pressed in a dimensionless form by means of R, t, and T0.

We perform the standard linear stability analysis on the

system of equations given in Eqs. 2–4, by assuming an

expansion of the variables around their initial (equilibrium)

values to first order: h(x, t) ¼ h0 þ dh(x, t), f(x, t) ¼ f0 þ
df(x, t), and C(x, t) ¼ C0 þ dC(x, t). We next perform

a spatial Fourier transform, and get the linearized system

v

v t

0
@ dhðq; tÞ

dfðq; tÞ
dCðq; tÞ

1
A ¼ L

0
@ dhðq; tÞ
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dCðq; tÞ

1
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� eb

16h
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e2kq4 �Dp

2
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mq2 þ 2e2q4
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2
~xC0q2 gC0 �k � Dcq

2

1
CA

;

(5)

where ~f ¼ f � bC0, ~x ¼ xkin=k (see Appendix A in the

Supporting Material), and two new parameters are defined

(21) as
X

h s� a=2; mh4ðT � T0Þ þ 32k: (6)

The parameter S shows the competition between the positive

surface tension, s, and the average adhesion of the mem-

brane, a, and can be regarded to as the effective surface

tension; whereas m shows the competition between the

entropy (proportional to T), and the aggregation interactions

TABLE 1 The numerical values of the model parameters

Parameter Value in SI units In model units Reference

R 50 nm 1 z
ffiffiffiffiffiffiffiffi
k=s

p
3 2 nm 0.04 R Estimation

t 2.5 ms 1 From Dp

T0 z300 K 1 By definition

k 0.01 s�1 2.5 � 10�5 t�1 (12)

fmax 2 nN/mm2 62.5 T0/R3 (55)

C0 T 0.1 mM 6 � 10�5 R�3 (12)

Cext T 2 mM 1.2 R�3 (12)

k 8 � 10�20 J 20 T0 (56)

s 30 pN/mm 18.75 T0/R2 (57)

Dp 1 mm2/s 1 R2/t (20)

Dc 0.2 mm2/s 0.2 R2/t (12)

h 100 g/m s 1.25 Tt/R3 (20)
Biophysical Journal 97(6) 1558–1568
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of the MP, with J¼ 4 T0, and can be regarded to as the gener-

alized temperature.

Starting from the equilibrium state of f¼f0¼ 1/2, C¼C0,

we look for instabilities that indicate a phase transition of the

calcium-membrane-cytoskeleton system, either to an oscilla-

tory pattern or a stationary phase separation (42,43) (Fig. 1 b).

For the system to become unstable, at least one of the eigen-

values, u, of L in Eq. 5 should possess a positive real part

(Turing instability), whereas a nonzero imaginary part yields

a wave instability. As shown in Fig. 1 c, our general model

contains three subcases that give rise to a wave instability:

Subcase 1. Through the direct calcium-induced inhibition

of actin polymerization (b) and reduction of

outward calcium pumping due to membrane

protein concentration (g), or

Subcase 2. The calcium-induced inhibition of the activity of

the MP (z), and the bending activation of SACs

(x), or

Subcase 3. The direct calcium-induced inhibition of actin

polymerization (b) and the bending activation

of SACs (x).

In the following, we will describe in detail only the first

subcase 1, and consequently neglect the two other coupling

effects, taking z ¼ x ¼ 0. Note that subcase 1 is similar in its

feedback couplings to the myosin-driven wave instability

described in Shlomovitz and Gov (10). Subcase 2 is expected

to yield results similar to those of subcase 1, due to the simi-

larity of their schemes; this subcase turned out to be more

complicated to handle, therefore it was left out of this

work. On the contrary, subcase 3 yields indeed a different

behavior, and below, it is briefly described.

It should be noted that using the above formulation, the

three parameters related to Ca2þ: b, g, and C0, usually appear

when they are multiplied together. We therefore introduce

a control parameter B h bgC0, which can be regarded to

as the generalized control parameter of calcium activation.

The system described by Eq. 5 is of rank 3. The stability

analysis of such a system is described in detail in Appendix

B in the Supporting Material, and for our particular system

the results are summarized in Appendix C in the Supporting

Material.

Different stability behaviors

In general, we get four possible types of dynamic behaviors:

two types of Turing instabilities and two types of the wave

instability. They are described in Fig. 2:

1. The first one (Fig. 2 a) is the type-I Turing instability.

This is a typical long-wavenumber instability: it starts at

zero wavevector and ends at some q ¼ qp. In the long

time limit, the zero mode can become dominant, and in

a living cell this should cause cellular polarization (21).

2. The traveling-wave instability (Fig. 2 b) may be seen as

the complex extension of the type-I Turing: the real parts
Biophysical Journal 97(6) 1558–1568
of the growth rates u1, 2 exhibit type-I instability (while

u1 is the dominant), but at small wavevectors, the imag-

inary parts (Fig. 2 d) of u1, 2 are nonzero (and conjugate),

while their real parts (Fig. 2 c) are positive, hence yielding

the traveling wave behavior.

3. For q > qw, the system is expected to exhibit the

behavior of type-II Turing instability (Fig. 2 e). This is

a short-wavenumber instability, which exists for some

range of modes, qn < q < qp, while the zero mode

remains stable. In some cases, the most unstable mode

q* can remain dominant for a long time, and cause

a star-shaped cell (21) (Fig. 1 b (ii)). However, the results

of linear stability analysis, both for the long-wavenumber

FIGURE 2 Illustrations of the instability patterns in our model: (a) the

type-I Turing: the instability starts at zero mode and ends at some q ¼ qp;

for a long time, the zero mode is expected to be dominant; in a living cell,

this should cause polarization. (b) Traveling wave: the real parts of the

growth rates u1, 2 exhibit type-I instability (while u1 is the dominant), but

at small modes, the imaginary parts (d) of u1, 2 are nonzero (and conjugate),

while their real parts (c) are positive, hence yielding the traveling wave

behavior; for q > qw, the system is expected to exhibit the behavior of

type-II instability (d). (e) The type-II Turing: the instability exists for

some range of modes, qn < q < qp; as the zero mode remains stable, the

most unstable mode q* should become dominant for a long time, and bring

to a starlike shape of a cell. (f) Damped wave: the real part of the growth rate

u1 exhibits type-II instability (while u2 is always negative, hence stable); at

small modes, the imaginary parts (h) of u1, 2 are nonzero while their real

parts (g) are both negative, hence yielding the damped wave behavior; for

q > qn, the system is expected to behave like type-II instability.
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and short-wavenumber patterns, cannot uniquely define

the long-time dynamics. It can be deduced only from

a solution of the full, nonlinear model.

4. The fourth type is the damped wave (Fig. 2 f): the real part

of the growth rate u1 exhibits type-II instability (while u2

is always negative, hence stable); at small modes, the

imaginary parts (Fig. 2 h) of u1, 2 are nonzero while their

real parts (Fig. 2 g) are both negative, hence yielding the

damped wave behavior; for q> qn, the system is expected

to behave like type-II instability.

We now briefly describe the behavior of subcase 3

(Fig. 1 c). In this case, we could not find wave instability

behavior for any values of the control parameters. The real

parts of the two eigenvalues which represent oscillatory

behavior (i.e., have imaginary parts) are always negative,

thus they are stable (damped waves). An instability and

phase separation is still possible through the third eigen-

value, which can have a positive real part in some range of

wavevectors. However, it does not have an imaginary part

in this range, and therefore, subcase 3 can give rise only to

Type-I or Type-II phase separation, but not to oscillatory

(or traveling wave) behavior.

PHASE-DIAGRAMS FOR THE COUPLED
MEMBRANE-ACTIN-CALCIUM SYSTEM

In this section, we explain the different regimes (i.e., phases)

of phase separation obtained from our model (scheme i of

Fig. 1 c), and also describe the measurable predictions of

the maximum oscillation frequency (standing-waves solu-

tion) and the group wave velocity (an estimation is given

in Eq. S14 in the Supporting Material). The phase separa-

tions are indicated through the use of the linear stability anal-

ysis, whereby instability of a certain type (see Different

Stability Behaviors) yields an appropriate type of phase

separation. Namely, the Turing instability, which occurs

when all the eigenvalues, u, are real, and at least one of

them becomes positive, leads to the permanent phase separa-

tion of the MP, together with the Ca2þ concentration and the

formation of membrane protrusions; whereas the wave insta-

bility, which occurs when the imaginary parts of the two

complex-conjugated eigenvalues become nonzero, leads to

the appearance of either oscillatory or propagating (not

necessarily cyclic) patterns of the phase separation. The crit-

ical conditions for these different types of instabilities to

occur are calculated in Linear Stability Analysis.

It must be emphasized that the linear stability analysis can

only give indications on the tendency of the system to spon-

taneously initiate the formation of nonuniform patterns

(static or oscillatory). The later time evolution of these struc-

tures involves the nonlinear terms in Eqs. 2–4, and is there-

fore beyond the linear analysis presented here.

To make later comparisons with experiments, we turn

back to the physical parameters T, s, and a, rather than the
model parameters m and S, by substituting from Eq. 6. In

all the following graphs, we take 3, k, k, s, Dp, Dc, and h

to be as in Table 1. The rate of pumping the calcium out

of the cell kout is typically 100 times slower than the rate

of calcium influx (kin), as measured in Matthews et al.

(44), and given by the value of k in Table 1. The control

parameters of our model are: the temperature T, the cell-

substrate adhesion strength a, the effective actin protrusive

force ~f , and the effective calcium activity coefficient B.

Note that since ~f ¼ f � bC0, changing the overall level of

intracellular calcium bC0 changes both B and ~f , whereas

changing either f or g (the inhibition of outward calcium

pumping) induces independent changes in ~f and B, respec-

tively.

The transitions lines that we plot in Figs. 3 and 4 are the

following:

1. Black line: The boundary between the regions of trav-

eling waves and damped waves is given by Eq. S11 in

the Supporting Material, giving the critical temperature

Tw and adhesion aw along this transition line.

2. Dashed line: Oscillatory behavior appears at the critical

line determined by the roots of Eq. S10 in the Supporting

Material.

3. Dotted line: The critical temperature Tcr, actin force ~f cr, or

adhesion strength acr above (or below) which the system

remains stable (with a very weak dependence on the

calcium activation parameter B), is given by the roots

of Eq. S7 in the Supporting Material.

4. Gray line: The transition between Type-I and Type-II

instability (Fig. 2) occurs along the line given by the roots

of Eq. S9 in the Supporting Material.

In Figs. 3 and 4 we plot the phase diagrams of our model.

Fig. 3 shows the phase diagram of our model, on the planes

of B, versus the other control parameters (temperature, actin

force, and adhesion), as follows.

Fig. 3 a: Phase diagram on the plane of B versus T, with
~f ¼ 0:96 nN=mm2 and a ¼ 48 pN/mm < s/f0, i.e., adhesion

weaker (on average) than the surface tension; the line B1(T),

which shows the largest temperature of phase separation for

different B, is very steep in the relevant range of B, and there-

fore Tcr can be considered a good approximation to the crit-

ical value of the phase separation even for nonzero B.

Fig. 3 b: Same as Fig. 3 a, but for a ¼ 64 pN/mm > s/f0,

i.e., adhesion stronger (on average) than the surface tension,

so the phase separation occurs for each temperature.

Fig. 3 c: Phase diagram on the plane of B versus a, with
~f ¼ 0:80 nN=mm2 and T ¼ 1.01 T0 > T0 – 32k/4, i.e., m >
0; here, again, there is a region of the mixed state, approxi-

mately for a < acr.

Fig. 3 d: Phase diagram on the plane of B versus a, for

T ¼ 0.985 T0 < T0 – 32k/4, i.e., m < 0; for this temperature,

there is always a phase separation.

Fig. 3 e: Phase diagram on the plane of B versus ~f , with

a ¼ 48 pN/mm and T ¼ 1.01 T0. We find that only damped
Biophysical Journal 97(6) 1558–1568
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FIGURE 3 The phase diagram of our model, on the

planes of B, versus the other control parameters, as follows.

(a) The diagram on the plane of B versus T, with
~f ¼ 0:96 nN=mm2 and a ¼ 48 pN/mm < s/f0, i.e., adhe-

sion weaker (on average) than the surface tension; Tcr can

be considered a good approximation to the critical value

of the phase separation even for nonzero B. (b) The same

diagram, but this time for a ¼ 64 pN/mm > s/f0, i.e.,

adhesion stronger (on average) than the surface tension,

so the phase separation occurs for each temperature.

(c) Phase diagram on the plane of B versus a, with
~f ¼ 0:80 nN=mm2 and T ¼ 1.01 T0 > T0 – 32k/4, i.e.,

m > 0; here, again, there is a region of the mixed state,

approximately for a < acr. (d) Phase diagram on the plane

of B versus a, for T¼ 0.985 T0 < T0 – 32k/4, i.e., m< 0; for

this temperature, there is always a phase separation. (e)

Phase diagram on the plane of B versus ~f , with

a ¼ 48 nN/mm and T ¼ 1.01 T0; only damped waves can

exist for these values, and there is also a mixed state for
~f < fcr. (f) Phase diagram on the plane of B versus ~f , with

a ¼ 80 nN/mm and T ¼ 0.98 T0; only traveling waves

can exist for these values, and there is phase separation

for all ~f . In both panels e and f, the dashed arrows indicate

trajectories of the system when bC0 is increased, affecting

both B and ~f .
waves can exist for these values, and there is also a mixed

state for ~f < fcr.

Fig. 3 f: Phase diagram on the plane of B versus ~f , with

a ¼ 80 pN/mm and T ¼ 0.98 T0. Here we find that only trav-

eling waves can exist for these values, and there is phase

separation for all ~f . Note that when one increases the param-

eter bC0, both B and ~f change, and the system moves along

the trajectories indicated by the diagonal dashed arrows.

In Fig. 4, we plot the phase diagram in the ~f versus T
(panels a and b) and ~f versus a (panels c and d). These phase

diagrams should be compared to those we obtained in the

absence of the calcium-induced negative feedback (21),

where the regions of oscillations and waves were absent.

Both the actin force and the adhesion are parameters that

the cell can control internally, and in response to the external

conditions (type of substrate, etc.).

For Fig. 4 a and b, increasing actin force raises the phase-

separation temperature (38), whereas waves exist only for

low values of actin force, and near the thermodynamic crit-

ical temperature T0.

For Fig. 4, c and d, we find that: 1), large actin force leads

to vanishing oscillations and full cell polarization; and 2), the

oscillations have a reentrant dependence on the adhesion,
Biophysical Journal 97(6) 1558–1568
whereby strong adhesion leads to the vanishing of the oscil-

lations and full cell polarization, but too weak adhesion leads

to damped oscillations and a uniform cell. Intermediate

values of the adhesion can allow the formation of robust

waves.

Fig. 5 describes the oscillatory and wave behavior of our

model, for different adhesion strength a, actin force ~f , and

effective calcium activity constant B. We plot the wavevec-

tor qmax of the mode with the maximum frequency of

oscillations umax ¼ Im(u(qmax)) (Eqs. S12 and S13 in the

Supporting Material). We also plot the mean group velocity

of the wave, hVgi, using Eq. S14 in the Supporting Material.

Physically, at the wavevector qmax there is a maximum in

Im(u(qmax)), which corresponds to an oscillating standing

wave mode.

In Fig. 5, a and b, we plot qmax versus a, for different

values of ~f and B, respectively. In Fig. 5, c and d, we plot

the maximum frequency itself, umax, versus a (see Eqs.

S12 and S13 in the Supporting Material), for different values

of ~f and B, respectively. The mean group velocity of the

wave, hVgi, versus a, is shown in Fig. 5 e (for different val-

ues of ~f ) and in Fig. 5 f (for different values of B). T ¼ 0.98

T0 for all the graphs. In panels a, c, and e, B¼ 38.4 pN/mm2 s
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FIGURE 4 (a) The phase diagram of our model, on the

plane of ~f versus T, with B ¼ 20.48 pN/mm2 s and

a ¼ 48 pN/mm < s/f0, i.e., adhesion weaker (on average)

than the surface tension, so a mixed state exists. (b) The

same diagram, but with a ¼ 72 pN/mm > s/f0 and

B ¼ 19.2 pN/mm2 s, i.e., adhesion stronger (on average)

than the surface tension, hence there is a phase separation

for all T. (c) Phase diagram on the plane of ~f versus the

adhesion strength a, with B ¼ 20.48 pN/mm2 s and

T ¼ 1.005 > T0 – 32k/4, a mixed state exists. (d) The

same diagram, but with B ¼ 20.48 pN/mm2 s and

T ¼ 0.99 < T0 – 32k/4, the phases separate for each a. In

panels a–d, the term ‘‘Waves’’ indicate waves-instability

(propagating waves).
and the values of ~f are: 0.16 nN/mm2 (black lines), 0.8 nN/m2

(gray lines), and 1.6 nN/mm2 (dashed lines). In panels b, d,

and f, ~f ¼ 0:8 nN=mm2 and the values of B are: 19.2 pN/

mm2 s (black lines), 38.4 pN/mm2 s (gray lines), and 89.6

pN/mm2 s (dashed lines).
We find from these figures that the magnitudes of qmax,

umax, and hVgi increase with increasing calcium coupling

B, and decrease with increasing actin force ~f (see umax in

Fig. S1 in the Supporting Material). We did not show graphs

of these values versus the temperature T, since they are very
a b

c d

e f

FIGURE 5 The oscillatory and wave behavior of our

model, for different adhesion strength a, actin force ~f ,

and effective calcium activity constant B. The regions of

a > aw and a < aw correspond to wave-instability and

damped waves, respectively. (a) The graph of the mode

of the maximum wave frequency, qmax, versus a for

different values of ~f , as follows. (b) The graph of qmax

versus a, but this time for different values of B. (c) The

graph of the maximum frequency itself, Im(u(qmax)),

versus a, for different values of ~f . (d) The graph of

Im(u(qmax)) versus a, for different values of B. Physically,

qmax and Im(u(qmax)) yield the oscillating (standing wave)

mode and frequency of the system. The graphs of mean

group velocity of the wave, hVgi, versus a, is shown in

panel e (for different values of ~f ) and in panel f (for different

values of B). T ¼ 0.98 T0 for all the graphs. In panels a, c,

and e, B ¼ 38.4 pN/mm2 s and the values of ~f are: 0.16 nN/

mm2 (black lines), 0.8 nN/mm2 (gray lines), and 1.6 nN/mm2

(dashed lines). In panels b, d, and f, ~f ¼ 0:8 nN=mm2 and

the values of B are: 19.2 pN/mm2 s (black lines), 38.4

pN/mm2 s (gray lines), and 89.6 pN/mm2 s (dashed lines).

One can see that the magnitude of all the values shown in

this graph increases with increasing B and decreases with

increasing ~f .
Biophysical Journal 97(6) 1558–1568
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similar to those versus a, but the adhesion a is a more rele-

vant cellular control parameter.

DISCUSSION AND CONCLUSION

Let us compare our model results to a number of cellular

systems which exhibit oscillations and coupling among

calcium, actin, and the cell membrane (shape). It should be

noted that the observed phenomena is likely to be in the

nonlinear regime, so that comparing to our linear-stability

analysis should be considered as qualitative, not necessarily

giving the exact quantitative values of the parameters at the

transition from one type of behavior to the other. Still,

the linear analysis should give the correct overall form of

the phase-diagram, provided that our model is applicable.

The first examples come from the observations of the

shape fluctuations (i.e., twitching) of dendritic spines and

filopodia (14,16). In these systems, the increase in the calcium

influx corresponds to a lowering of the actin polymerization,

as we describe in the model schemes of Fig. 1 c (i and iii).
The observed frequency of fluctuations is ~uexp ~10�2 Hz,

which is of the order of our estimates given in Fig. 5 and

Fig. S1. These fluctuations are observed to cease when the

overall calcium level in the cell is increased, for example

in response to stimulation of AMPA or NMDA receptors

(16). This corresponds in our model to an overall lowering

of the effective actin force ~f in the cell due to the increase

in C0 and B. In Fig. 3 e, we find that such a change can

lead in our model to a transition from damped waves to

a stable state. Note that in this regime there are no sponta-

neous oscillations, which in our model correspond to

wave-instability (traveling-waves, Fig. 3 f). Indeed in this

cellular system the calcium and shape fluctuations seem to

be initiated by an external trigger in the form of a neurotrans-

mitter. Note that in the regime of Fig. 3 f, increasing the

calcium levels (increasing C0 and B) strengthens the oscilla-

tions.

When the activity of actin polymerization is decreased in

this system through the addition of cytochalasin-D, the

observed frequency of spontaneous fluctuations increases

(45), which is in qualitative agreement with our result shown

in Fig. 5 c and Fig. S1 b. Increasing the size of the synaptic

contact of the spines, which increases the amplitude of the

calcium influx (the parameter B in our model), is observed to

increase the frequency of spontaneous fluctuations (46,47),

as our model predicts (Fig. 5 d and Fig. S1 a). Note that in

this system increasing the actin activity (~f ) results in the

formation of a larger synapse, thereby leading to an

increased B. Since these two factors have opposite effects

on the frequency (Fig. 5 and Fig. S1), the observations

suggest that the increase in B dominates.

We next turn to oscillations observed in motile, adhering,

or spreading cells. In migrating cells (3), calcium oscillations

are found to be triggered at the leading edge, where the actin

activity is localized, and these oscillations are dependent on

Biophysical Journal 97(6) 1558–1568
the functioning of calcium channels. Furthermore, the

frequency of oscillations is observed to decrease with a

decrease in the calcium concentration, as our model predicts

(decrease in B in Fig. 5 d and Fig. S1 a). Another example of

a motile cell with calcium oscillations is given in Fache et al.

(48), where the observed frequency is ~10�1–10�2 Hz

(somewhat larger than the values that we calculate, Fig. 5

and Fig. S1), and is observed to be independent of the

calcium concentration C0. Although we predict that the

frequency increases with the calcium influx B, we note that

the effective actin force ~f is also reduced when C0 increases,

and leads to a reduction in the frequency. These two

opposing effects, if they balance each other, can give rise

to a constant frequency as a function of C0.

Adhering cells exhibit calcium oscillations that are much

slower (u ~10�3 Hz) and involve the negative feedback

between the calcium and the adhesion (11). This observed

oscillation frequency is similar in magnitude to the values

we calculate from our model (Fig. 5 and Fig. S1). The negative

feedback between the calcium and the adhesion is similar to

the subcase shown in Fig. 1 c (ii), where the calcium inhibits

the activity of MP (decrease in f). As expected from our

model, the increase in calcium is observed to induce a local

retraction of the membrane, i.e., the calcium influx lowers

the local actin polymerization (protrusive) force, and therefore

decreases locally the membrane height parameter h (Fig. 1 c).

A variety of cell types exhibit spontaneous calcium waves

and oscillations (49), but there is no clear data relating these

oscillations to the dynamics of the actin cytoskeleton. The

frequency of oscillations is ~10�1–10�2 Hz, which is again

not too different from our calculated values. These oscilla-

tions are observed to either cease or decrease in frequency

when calcium is reduced (buffered), as we predict (decrease

in B in Fig. 5 d and Fig. S1 a). In some egg-cells, relatively

slow calcium waves are observed to be associated with

a retraction of the membrane (50), which arises in our model

due to the local decrease in actin polymerization.

Finally, there are recent experiments on nonadhering cells

that show marked calcium-driven oscillations (12,51), where

the myosin-induced contractility seem to play the major role.

The myosin contractility is not included in our current

model, but nevertheless, we can make some qualitative

comparisons to our model:

1. The experiments find that decreasing myosin contractility

decreases the oscillation frequency. Since lower myosin

contractility corresponds to larger effective actin protru-

sive force (52), this corresponds to an increase in ~f which

indeed is predicted to lead to lower frequency (Fig. 5 c
and Fig. S1 b).

2. When the calcium concentration drops below some

threshold the oscillations cease, as we also predict

(Fig. 3, a–d, and Fig. S1 a).

To conclude, our model introduces a simple coupling of

the membrane shape-actin-calcium system, which is clearly



Calcium-Actin Membrane Waves 1567
dominant in various cellular regions that are rich in cortical

actin, such as cellular protrusions. The qualitative agreement

between the model and the observations in various cells

lends support to the notion that this model captures some

of the main interactions in this system. Furthermore, our

model allows us to make several predictions that are yet to

be tested:

1. When the actin polymerization force is increased, while

maintaining a constant overall level of calcium (C0, B),

the frequency of oscillations should decrease (Fig. 5 c
and Fig. S1 b),

2. We expect that adhering cells will exhibit oscillations

when the adhesion is intermediate, while losing this

behavior for both large and very low adhesion (Fig. 4, c
and d),

3. Large membrane tension will push the oscillations to

appear at a higher calcium activity threshold (Fig. 3, c
and e).

Future elaborations of our model may be pursued by add-

ing additional players, such as the calcium-triggered myosin

contractility (10,12,19,53), the possible aggregation of the

ion channels and pumps in response to the shape changes

(28), and the process of calcium-triggered vesicle release

(exocytosis) (35,54), which depends on the availability of

actin filaments and myosin motors (carrying the vesicles as

cargo). The released molecules, such as ATP, feed-back

into the dynamics by triggering the influx of calcium. Such

models may allow us to reveal the role of each player in

this complex system, and provide testable predictions.

SUPPORTING MATERIAL

Three appendices, 14 equations, and one figure are available at http://www.

biophysj.org/biophysj/supplemental/S0006-3495(09)01222-3.
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